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1 Intr oduction

In [1], we explained that scalar difference equations of the form

yn+l = yn exp{ f (na Yn, yn—l, ceey yn—k)} ’ n S Z = {0, ila :i:2, } ’ (1)

where f = f(t, ug, us, ..., Uy) is areal continuous function defined drit2
such that

f(t + o, Uo, ..., u) = f(t, Ug, ..., W), (t,Up, ..., Ux) € R

andw is apositive integer, are of interest since they include well known equations
such as 1

—M( —Yn)}, K >0,

K

and the are intimately related to delay differential equations with piecewise
constant independent arguments [2]:

y®O=y® fqQLyqh.y@t-1.yq(t-2D, ...yt -k, te R

We also show that continuation theorems can be used to show existence of
periodic solutions of these equations.

Yn+1 = Yn eXp{

Received 13 January 2005.



320 GENQIANG WANG and SUlI SUN CHENG

Note thatin the above equations, only one time dependent varigbie in-
volved. In real problems, multiple time dependent variables may interact, and
therefore it is natural to study systems of difference equations.

In this paper, we consider one such system of the form

n41 n n n,(n DG rJ
y( ) y( )exp r( ) Zal(J )yJ( ) bej)yj ,

iel{l .. kl,neZ, (2)
where
_ <n)} { (n)} . _{ (n)} N _{ (n)}
ri =1r. , b = 1by and 7jj = 1T ,
! { : neZ a” neZ N Y nez N Y nezZ
are reak-periodicsequences such that
ri<n) _ (n+w>’ ne z
m _ a0t
&’ = & ,neZ
M _ o)
bi” = b, neZ
<n) = (M9 ez

|] - i
fori, j € {1, ..., k}. We assume further that

al’. b’ >0, i.je{l .. .kinez
Y >0 ie(l ..k,

O<n<w-1

3 (af”) bi‘i”)) £0, i e {1, ..k
O<n<w-1
The numbem is a positive integer as before.
A solution of (2) is a real vector sequence of the foyra= {y(”)}neZ where

yo — (yf‘) v ,yﬁ”)> which renderg2) into an identity after substitution.

As in [1], we are concerned with the existence of positive solutions which are
w-periodic, that is, solutions that satisf§"** = y™ forn € Z andy™ > 0
forne Zandi € {1, ..., k}.

Our system (2) can be used to describe multispecies ecological competition
systems or multi-nation competition models. The analogous problem for differ-
ential systems has been treated by Smith [4], Cushing [5], Zanolin [6], Fan and

and
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Wang[7] and others. In particular, in [7], the authors study differential systems
of the form

k k
y/(t) = yi(t) (n(t) =Y ajy =) byt — n,-)) Li=1.2..k

j=1 =1

As for our system, we can also show that it is related to differential systems with
piecewise constant independent arguments of the form

k k
yi (O =i (1) (ri [ =D &y [thy; ) = oy [ y; (1] — 7 ([t]))) ,

j=1 j=1
iefl, .. kteR, 3)

where[x] is the greatest-integer functian,(t) , &; (t) andb;; (t) are reatontin-
uousw-periodic functions defined oR. Indeed, once the existence of a positive
w-periodic solution of (2) can be demonstrated, we may then make immediate
statements about the existence of positiveeriodic solutions of (3). The proof

of our assertion is not much different from that of Theorem 1 in [1], and hence
is not included here.

As in [1], we will invoke a continuation theorem of Mawhin for obtaining
periodic solutions of (2). For the sake of easy reference, we briefly describe this
result here. LeX andY be two Banach spaces ahd: DomL ¢ X — Yisa
linear mapping andN : X — Y a continuous mapping. The mappihgwill be
called a Fredholm mapping of index zero if dim Kee codim ImL < +o0,
and InmL is closed inY. If L is a Fredholm mapping of index zero, there exist
continuous projector® : X — X andQ : Y — Y such that InP = KerL and
ImL = KerQ = Im(l — Q). It follows that L \pomLkerp : (I — P) X — ImL
has arinverse which will be denoted bi¢p. If Q isan open and bounded subset
of X, the mappingN will be calledL-compact or2 if QN (£2) is boundedand

Kp (I — Q) N (Q) is compact.Since InQ is isomorphic to Kek there exist an
isomorphismJ : ImQ — KerL.

Theorem A (Mawhin’s continuation theorem [1]). Let L be a Fredholm
mapping of index zero, and |&t be L-compact orf2. Suppose

() foreachi € (0,1), x € 02, Lx # ANX; and

(i) foreachx € 32 NKerL, QNx # 0anddeg(JQN, 2 NKerL, 0) #£ 0.
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Then theequationLx = Nx has at least one solution i2 N domL.

We recall the useful nonstandard “summation” operation [1] for any real se-
quence{u™}

nez’
B > um, y<8
Pu” =10 B=y-1.
-1
= - Zg:m.l u®, B<y-—1

As usual, the forward difference is defined Ay® = u®+b — y®,
We will also employ the following notations for the ‘time’ avages:

i = l Z I,i(n)’

0<n<w-1

— 1
R = =) ‘r-(”)
1 w i

O<n<w-1

_ 1
aij = ; Z a-i(jn) s

O<n<w-1

El

2 ExistenceCriteria

The main result of our paper is the following.

Theorem 1. Suppose the following set of conditions hold:

() foreachi € {1,...,k}, T > 0,

(i) fori, j € {1, ...k}, the inverse of the matrif@;; + by;), ., existsand all
its components are positive, and

(iii) foreachi € {1, ...,k},

_ - T T 1 -

ne Y @ +bij)#exp(§ ® +r,-)w>.
1<j<kj#i ajj jj

Then (2)has a positivev-periodic solution.
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In orderto provide a proof, we proceed in a manner similar to that of Theorem 1
in [1]. However, there are sufficient difference to warrant some details in the
following discussions. We first note that if

)
n) ,(m (n)

is aw-periodicsolution of the following system

n—-1 (s)
) ©) © © NE) © ( Tii)
x"=x"+P [ —E aIJ exp( ) § b’ expx; :
s=0 j=

j=1

nezZ

iefl,...kl,ne z, (4)

then we can easily check that

I )

is apositivew-periodic solution of (1).
We will therefore seek aw-periodic solution of (4). Le,, be theBanach
space of all real vectap- periodic sequences of the fomn= {xM},.z where

XM = (x( X, ﬁ”)> and endwed with the usual linear structure as well

as the norm
)z>%

LetY,, be theBanach space of all real sequences of the form

nez

IxXlly = (Z (0<T<%X1‘Xi(n)

1<i<k

Y= {y"hnez = [na + 0} _,

such thaty©@® = 0, wherea = (a1, ..., )" € Rf and{h™},cz € X,., and
endowedwith the usual linear structure as well as the ndiiyi, = || + [|hl|4,

herela| = (3,4 o? ) Let thezero element oK, andY,, be denotedby 6;
andé, respectiely.
Define the mappingk : X, — Y, andN : X, — Y, respectiely by

(Lx)™ =x™ —x© nez. (5)
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324 GENQIANG WANG and SUlI SUN CHENG

and

2®

(N0 = @( © Zafs) expx(s) Zb(s) expx (=) )) ,

s=0
ie{l .. kl,neZ (6)

Let

n—-1 k k S
- () ®) ®) S _ ) (=)
= =) a; expx; E bi” exp| X;
s=0 j:l j:1

o)

w—1
_ 5 Z a® expx' - Z b exp( i) )))
s=0

fori =1,...kandn e Z.

Sinceh = {h™},cz € X, andh©@ = 6;, N is awell-defined operator from
X» 10Y,. Onthe other hand, direct calculation shows thatlKet {x € X, |
XM =x0 nez x®ecRYandImL = X,NY,. LetusdefineP : X, — X,
andQ : Y, — Y, respectiely by

D

(Px)™W =x9 nez, (8)

for x = {x™},ez € and
QY™ = na 9)
fory = {na + h™M},.z € Y,. The operatorsP and Q are projections and
X, =KerP@KerlL, Y, =ImL & ImQ. Itis easy to see that dimKer=k =
dim ImQ = codimImL, and
ImL={ye X, |y =0}CY,.
It follows that InL is closed inY,,. Thusthe following Lemma is true.

Lemmal. The mappind. defined by (5) is a Fredholm mapping of index zero.

Lemma 2. LetL andN defined by (5) and (6) respectively. Suppfsis an
open and bounded subsetXj. ThenN is L-compacin Q.
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Proof. From (6), (7) and (9), we see that for any= {X™},cz € X,

w—1 k (s)
n szl
(QNx)"” = - B[ - E al(f) expx¥ — ) b exp (xj( : )) ,

s=0 j= j=1
ief{l,2.,kl,neZ (20)

We denote the inverse of the mappibdpomLnkerp: (I — P) X —ImL by Kp.
Direct calculatioreads to

n-1 k O]
(Kp(I —QNx)" = @ r® —Z a” expx;® Zb(s) expx( W)

s=0 J j 1

w—1 k k o)
n T
—— r’®— Z aff) expx(s) Z bi(js) expx( ’) . (11)

@ s=0 j j:l
It is easy to see thaDN and Kp(I — Q)N are continuousn X, and tales
bounded sets into bounded sets respectively. Since the Banach§padaite
dimensionalN is L-compacion Q. Theproof is complete. O

Letl,, wherew > 2 is positive number, be the space of all reaperiodic
sequences of the form= {u™} .

Lemma3. Ifu={u™} _ el,, then
1w—l
) (i
max (u® —u"| < = 12
0<s,i <w— 1i |_2k2—(:J ( )

whele the constant factat /2 is the best possible.

Proof. Letu= {u<“>}nez el,ands,i € {0, 1, ..., w— 1}. Without loss of any

generality, les e {i + 1, ...,i + @ — 1}, we have
. s—1
u® =u® + Z Au® (13)
k=i
and
i+o—1
k=s

Bull Braz Math Soc, Vol. 36, N. 3, 2005
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From (13)and (14), we see that for asye {i,i +1,...,i + w — 1},
- s—1 i+w—1
2u® =200 + 3" Au® - Y Au®, (15)
k=i
that is
i+w—1
u® =y + Z Au® — Z Au® b (16)
Thus foranys e {i,i +1,...,i +w— 1},
' 1 i+o—1 1 w—1
u® —u®) <= 3 jau®] = > T au®], (17)
2 ~— 2
k=i k=0
so that
1 w—1
® O < = Au® 1
(61U ] 53 A as)
Nowwe assertthat i is a constantand < 1/2, thenthere ara = {u(”)}neZ €
|, and suchhat
©® () ®
max |(u® —u AT 19
0<s,i<w— 1| |>'BZ| | ( )

k=0

Indeed, ifwe letu®™ = j forn = ko + j, k€ Zandj = 0,1,....0 — 1, then
MaXp<s,i<w-1 [U® —u"| = — 1and

1 nN=0,1,..,.0—2
(n)_ ) 9 9 ey
AU _{—@—D,n:w—l ’ (20)

and .
] — _ ® _yb
,BKX_;MU |=28(@-1) < <gl1<<316>0<1}u —u®|
as required.This shows that the constant2Lin (12) is the best possible. The
proof is complete. O

Now, we consider the following system

n-1 &
=rP (¥ - Z a’ expx® — Z b exp( o )> ,
s=0 J

ief{l ...kl,ne Z, (21)
wherel € (0, 1).
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Lemma 4. Supposeéhe condition (iii) in Theorem 1 holds. Then there ex-
ist positive constantsiy, ..., He suchthat for any solutionx = {X™M}cz =

:
{(xi”), x,ﬂ”)) } e X, of (21),we have the following inequalities
nez

max
0<n<w-1

(xf”’ <Hi,ie{l .., K. (22)

Proof. Letx = {x™M},cz be aw-periodicsolution of (21). Then
k k (S ( ))
B [rT-> " a expx® - b expx, 20 i €1, ... k. (23)
s=0 j=1 j=1
It leads to
w—1 ( ))
Z a expx{¥ + Z b expx I P (24)
s=0 \j

From(21), we have

(n)
Ax™ = | r™ — Za,(]”) expx;” — Z b exp( i )> ,
j=

ie{l .. kl,neZ (25)

By (24) and (25), we see that

w—1
(s)
=D |ri
s=0

(S)
+ Z aff) expx(s) + Z b(s) expx i)

w—1

(s)
D ‘Axi
s=0

(s)) (26)

-1
- @‘ r® @ aff) exp( (S)>+Z b expx K
s=0 \j=1

=(R+M)o
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Let xi(“') = MaX<n<w— 1x andx = MiNg<n<w— 1x WhereO < Wi, v <

w — 1. From (24),we have

k
wfi > @ Z S expx]-(”j) +> b expx(”‘)
s=0 j=1
: R vj) (27)
— Z(E_lij +byj) wexpx;”

=1
> (@ + B) ) eXPXi(Vi),

that is, B
X" < In {_r_._} . (28)
aii + bii
In view of Lemma 3, (26) and (28), we see that forany 0, 1, ..., o — 1,
X" < x4 2 Z )Ax(k)‘ < B, (29)
k 0
where
—In: ri } + iR 4m)w. (30)
a2
Furthermore, from (24), we have
w—1 k
Wl < @ Zai(s) expx(“ D Zb(s) expx(“ D
sio j=1 j=1 (31)
= Y (aij +bij) wexpx"’.
j=1
By (29)and (31), we see that
(éii + Bii) expxi(’“)
_ ()
=z T — Z alj +blj eXpX :
1<j=<k,j#i (32)
_ T 1 -
> — (au+b.J)—_exp<—(R,-+r,-)a)>,
— b 2
1<j<k,j#
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that is
x> c, (33)
where
= Yicjakjz (@ +0y) = exp(3 (R) +7)) o)
Ci=In Ehallal Githy (34)

@ + by

In view of Lemma 3, (26) and (33), we see thatforam¢ 0, 1, ..., 0 — 1,

1 —
x> X E ‘Ax(k)‘ Ci — > (R +T) . (35)
From(29) and (35), we have
max ‘Xi(”) < H; (36)
0<n<w-1

whereH; = max{|Bj|, |C; — 1 (R +T7) »|} + 1. The proofis complete. O

Proof of Theorem 1. LetL, N, P and Q be defined by (5), (6), (8) and (9)
respectively. By conditions (i) and (ii), we know that the linear system of the

form
k

r — Z (éi,- —I—Bij)vj =0,1ie{l, ..k} (37)

=1

has the unique solution* = (v}, v3, ..., v;)Jr andv} > Ofori € {1, ...,k}. Pick
M such that

<2k: (in vi*)2>2 <M. (38)

i=1

From Lemma4, we know there exist positive constaiis, ..., Hx such thafor
t

any solutionx = {X™}ncz = {(xi”), xlin)) } € X, of (21),we have the

L . neZ
following inequalities

max
O<n<w-1

‘xi(”) <H,i=1 ..k (39)

NI

LetH = (X1, H?)" + M. Thenijx|l; < H. Set
= {x € Xu| IXlly < H}

Bull Braz Math Soc, Vol. 36, N. 3, 2005
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Itis easyto seeth&tis an open and bounded subseXgfand foreachh € (0, 1)

andx € 992, Lx # ANXx. Furthermore, in view of Lemma 1 and Lemmal2,

is a Fredholm mapping of index zero ahtis L-compacton Q. Noting that
1

H> <Z!‘Zl Hi2>i , by Lemmad, for eachi € (0, 1) andx € 92, LX # ANX.

Next note that a vector sequence= {x™},cz € 32N KerL must be a constant
vector and|x|l; = H > M. Hence

1
2) 2
k

K
QNX|l, = Z Z a, -+ bij) expx; # 0.
i=1 =1
So
QNX % 6s.

The isomorphisml: Im Q — KerL is defined byJQy = « fory = {na +
h™}hez € Y,. Then

a)—l k _®
(JQNX)™ = @ = & expx® - Z b expx W)
s=0 j=1

(40)

for ne Z andi € {1,...,k}. Since (37) has the unique solutiorn =
(vf, 03, ..., vl’;)Jr with positive components and such that (38) is satisfied, we see
that thesystem

k
—Y (3, +bij)exp(x;)) = 0.i € {1,.... k) (41)
j=1

has a uniquesolutionX = (X, X3, ..., xlj)T in @ N KerL, so that from the
condition (ii) we have

deg(JQNx QNKerL,6;) = sign detY;on (X) # 0.

whereY;on (X) is theJacobi matrix ofJ QN atX. By TheoremA, we see that
equationLx = Nx has at least one solution 2 N DomL. In other words, (4)
has aw-periodic solutionx = {x™},.z, and hencel (e"( ), e"lim)} is a

positive w-periodic solution of (2). The proof is complete. nee
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We remark that by the relationship that exists between (2) and (3), under the
same assumption of Theorem 1, system (3) has a positperiodic solution.
We now illustrate our main result by considering the following system

(n+1) __ ,(m

(n)
n) ), (n (n (”"12)
Y1 =Y ( '~ b )y

exp|ry —apyr 12 Y2 ;

(n)
(n+1) (n) (n) (n),,(n (n) (”"21)
Y, =Y, exp <r2 —yY, —byy; )

wherer;, byj, a; andr; fori, j € {1, 2} are 2-periodic sequences and
r9=0,rP=1r"=1rP=0 a9=1/3 a=2/3 aY =2/3,

asy) =1/3, b)) = 1/6e, b)) = 1/4e, b = 1/5e, b = 1/7e

It is easily verified from Theorem 1 that it has a positive 2-periodic solution.
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